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The study of algebra is an important part of the problem solving process. When we convert
real life problems into algebraic equations, we often obtain expressions that need to be
expanded and simplified.

Ethel is planning a rectangular flower bed
J l ' with a lawn of constant width around 3O alt g O

it. The lawn’s outer boundary is also PONAUONN

rectangular.  The shorter side of the —

flower bed is z m long.

o If the flower bed’s length is 4 m longer than its width, what is its width?

e I[f the width of the lawn’s outer boundary is double the width of the flower bed, what
are the dimensions of the flower bed?

e Wooden strips form the boundaries of the flower bed and lawn. Find, in terms of x,
the total length L of wood required.

" COLLECTING LIKE TERMS

In algebra,
like terms are terms which contain the same variables (or letters) to the same indices.

For example:

e zry and —2zy are like terms.

e 22 and 3z are unlike terms because the powers of z are not the same.

Algebraic expressions can often be simplified by adding or subtracting like terms. We call
this collecting like terms.

Consider 2a+3a= a+a +at+a+a= ba
- N— ~—~

2 lots of a 3 lots of @ 5 lots of a

|_Example 1 ) Self Tutor

Where possible, simplify by collecting the terms:
a 4z + 3z b 5y —2y ¢ 2a—-1+a d mn—-2mn e a?—4a
a dr+3zx="Tx
b 5y —2y=3y
€ 2a—14+a=3a-1 {since 2a and a are like terms}
d mn-—2mn=—mn {since mn and —2mn are like terms}
e a? —4a cannot be simplified since a? and —4a are unlike terms.
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Simplify by collecting like terms:

{—a and 3a are like terms
—1 and 4 are like terms}

a —a—1+3a+4 b 5a—b%+2a—3b?

a —a—1+3a+4 b 5a — b% + 2a — 3b2
=—a+3a—-1+4 = 5a + 2a — b% — 3b?
=2a+3 = Ta — 4b>

{5a and 2a are like terms
—b% and —3b? are like terms}
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EXERCISE 3A
1 Simplify, where possible, by collecting like terms:

a 5+a+4 b 6+3+a cm—2+5 d z+1+x
e f+f-3 f S5a+a g ba—a h a-—>5a
i 22422 j &?4+d*+d lk 5945 I 22 —-522+5
m 2a+3a—5 n 2a+3a—a o 4dxy+xy p 322z —2%2
2 Simplify, where possible:
a 7a—"Ta b 7Ta—a ¢ Ta—17
d zy+ 2yx e cd—2cd f 4ap? —p?
g z+3+2x+4 h 24+a+3a—-14 i 2y—2x+4+3y+3z
i 3m2+2m—m?2—m k ab+4—3+ 2ab | 2242z —22-5
m 22+ 52 + 222 — 3x n ab+b+a+4 o 222 -3z —2%—Tx
3 Simplify, where possible:
a dr+6—x—2 b 2c+d—2cd ¢ 3ab— 2ab+ ba
d 22 +2224+222 -5 e pP—6+2p>—1 f 3a+7—-2a—10
g —3a+2b—a—b h a®>+2a—a° i 242 —a®—a®+2d3
j dey—x—vy k zy? + 2%y + 2%y | 42® — 222 — 23 — 22

) PRODUCT NOTATION

In algebra we agree:

e to leave out the “x” signs between any multiplied quantities provided that at least one
of them is an unknown (letter)

e to write numerals (numbers) first in any product
e where products contain two or more letters, we write them in alphabetical order.

For example: e 2a is used rather than 2 X a or a2

e 2ab is used rather than 2ba.
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ALGEBRAIC PRODUCTS

The product of two or more factors is the result obtained by multiplying them together.

Consider the factors —3x and 2x2. Their product —3z x 222 can be simplified by
following the steps below:

Step 1: Find the product of the signs.

For —3x, the sign is —,

Step 2:  Find the product of the numerals or numbers.
the numeral is 3, and

Step 3:  Find the product of the variables or letters. the variable is x.
So, —3z X 222 = —62° \ /
4= — TTT U "
3X2=6

) Self Tutor

Simplify the following products:

a —3xd4x b 2z x —z2 ¢ —4dx x —222
a —3 x 4z b 21 X —x° c —dx x —222
=12z = —223 = 8z°

EXERCISE 3B

1 Write the following algebraic products in simplest form:
a cxb b ax2xb cC yxuzy d pg x 2q

2 Simplify the following:

a 2x3x b 4x x5 ¢ —2x 7Tz d 3x -2z

e 2rxx f 3z x2x g —2rXxzx h —3rx4

i —2xx —=z i =3z x2a? k —z2 x 2z I 3dx —2d

m (—a)? n (—2a)? o 2a®xa?® p a’®x —3a
3 Simplify the following:

a 2xbr+3xx4 b 5x3zr—2yxy ¢ 3xa?+2rx4dx

d ax2b+bx3a e 4x22 -3z xz f 3xxy—2xx2y

g 3axb+2ax2b h 4cxd—3cx2d i 3axb—2cxa
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"ef/|" THE DISTRIBUTIVE LAW

Consider the expression 2(z+3). We say that 2 is the coefficient of the expression in the
brackets. We can expand the brackets using the distributive law:

SR
a(b+c)=ab+ac
The distributive law says that we must multiply the coefficient by each term within the
brackets, and add the results.
Geometric Demonstration:

b c The overall area is  a(b+ ¢).

However, this could also be found by adding the areas
of the two small rectangles, i.e., ab+ ac.

e pte— » So, a(b+c)=ab+ac. {equating areas}

|_Example 4

Expand the following:
a 3(4zx+1) b 2z(5—2z) ¢ —2z(zx—3)
AN
a 3(4x + 1) b 2z(5 — 2x) c —2x(z — 3)
—3x4z4+3x1 S S
= 2z(5 + —2x) = —2z(z + —3)
=12z +3
=2 X5+ 2x X -2z = 2z X z+ 2z X -3
= 10z — 42> = —222 4 62

With practice, we do not need to write all of these steps.

Notice in b that the
minus sign in front
»
|_Example 5 =) Selt Tutor [N IR

terms inside the

Expand and simplify:
a 23z—-1)+3(b—x) b z(2z—1)—2z(5—x)

following bracket.

AU W X % 2 % 2 4

a 23z - 1)+ 3(5 — x) b z(2z — 1) — 2x(5 — x)
=6x—2+15— 3z =222 — z — 10z + 222
=3z +13 =42 — 11z >




76  ALGEBRAIC EXPANSION AND SIMPLIFICATION

(Chapter 3)

EXERCISE 3C
1 Expand and simplify:

a 3(z+1) b 2(5—1x) ¢ —(z+2)
e 4(a+2b) f 3(2z+y) g 5(zx—y)
i —2(z+4) j —3(2x—-1) k z(x+3)
m —3(z+2) n —4(z—3) o —(3—x)
q ala+b) r —a(a—0b) s z(2z—1)
2 Expand and simplify:
a 1+2(z+2) b 13—-4(z+3)
d 43—-2)—-10 e z(z—1)+=x
g 2a(b—a)+ 3a> h 4z —3z(x —1)
3 Expand and simplify:
a 3(z—4)+2(5+x) b 2a+ (a—2b)
d 3(y+1)+6(2—1y) e 2(y—3)—4(2y+1)
9 2(b—a)+3(a+b) h z(z+4)+2(z-3)
i 224+z(z-1) k —22—z(z-2)
m —4(zx—-2)—(3—-x) n 52z—1)—(2z +3)

—-— -

-3 -2)
h 6(—2*+y?)
I 2z(z—5)
—2(z —y)
2z(z? —x —2)

- O

3(z—2)+5
22(3 — z) + 22
722 — 5x(x + 2)

2a — (a — 2b)

3z —4(2 — 3x)
z(zx+4) —2(z - 3)
z(z+y) —ylz+y)
dz(x —3) — 2z(5 — )

] ITHE BROBUCT (a + b)(c +

Consider the product (a + b)(c+ d).
It has two factors, (a+0) and (c+d).

We can evaluate this product by using the distributive law several times.

(a+b)(c+d)=alc+d)+blc+d)
=ac+ ad+ bc+ bd

So, (a+b)(c+d) =ac+ ad+ bec + bd

The final result contains four terms:

ac 1is the product of the First terms of each bracket.

ad 1is the product of the Outer terms of each bracket.

bc s the product of the Inner terms of each bracket.

bd is the product of the Last terms of each bracket.

This is
sometimes
called the
FOIL rule.
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Example 6 ) Self Tutor
Expand and simplify: (z + 3)(z + 2).

m
(z+3)(z+2)
Nt 7

=22+22+3x+6
=224+ 52+6

—rXr+rXx2+3xx+3x2

Example 7

Expand and simplify:

In practice we do
not include the
second line of these
examples.

\

N R
(22 4+ 1)(3z — 2)
LS

=622 — 4z + 3z — 2
=622 — 1z —2

EXERCISE 3D

1 Consider the figure alongside:

Give an expression for the area of:

a rectangle 1

¢ rectangle 3

e the overall rectangle.

What can you conclude?
2 Use the rule
a (z+3)(z+7)

d (z+2)(x—2)
g (1-2z)(4z+1)
i (5-32)(5+x)

b
e
h
k

(x+5)(x—4)
(z — 8)(x +3)
(4—1z)(2x + 3)
(7T—x)(4z + 1)

Example 8

Expand and simplify:
a (z+3)xz-3)

b

o) Self Tutor

(3z —5)(3z + 5)

a (z+3)(z—3)
=22 -3z +3cx—-9
=z2-9

b

(3z — 5)(3z + 5)
=922 + 152 — 152 — 25
=922 — 25

)
) Self Tutor
(22 4+ 1)(3z — 2)
=2z X3x+2x X —2+1%x3x+1x -2
c d B

a 1 2 I
b rectangle 2 a+b
d rectangle 4

b 3 4

e——— c+d ——

(a+b)(c+d) =ac+ad+bc+bd to expand and simplify:

¢ (x—3)(x+6)

f (2z+1)(3xz+4)
i (3z—2)(1+22)
I (52 +2)(bz +2)

What do you
notice about the
two middle

terms?
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3 Expand and simplify:
a (z+2)(z—2) b (a—5)(a+5)
d (2z+1)(2x—1) e

¢ (4d+a)(d—2)
(5a + 3)(5a — 3) f (4+3a)(4 - 3a)

Example 9 %) Self Tutor What do you

notice about the

Expand and simplify: two middle terms?
a (3z+1)?2 b (2z—3)?
a  (3x+1)? b (2z-3)?
=Bz+1)3xz+1) = (2z — 3)(2z — 3)
=922 +3z+3x+1 =422 — 6z —62+9
=922 46z +1 =42% - 122 +9

4 Expand and simplify:
a (z+3)? b (z—2)2 c
d (1-3z)? e (3—4x)? f (5z—y)?

"3 DIFFERENCE OF TWO SQUARES

a® and b? are perfect squares and so a® — b? s called the difference of two squares.
Notice that (a +b)(a —b) = a® — ab+ ab — b = a® — b?
N —’

the middle two terms add to zero

Thus, (a+b)(a — b) = a® — b?
Geometric Demonstration: <
Consider the figure alongside: aeb O
The shaded area a
= area of large square — area of small square b ' &)
_ a2 o b2
b a-b

Cutting along the dotted line and flipping (2) over,
we can form a rectangle.
The rectangle’s area is  (a + b)(a — b). sl

(a+b)(a—0b) =a?—b? COMPUTER )

DEMO '

(ﬁ) b - P
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Example 10 ) Self Tutor
Expand and simplify:
a (z+5)(x—5) b B3—y)(3+vy)
a (z +5)(z —5) b B—vy)(3+v)
— 42 _ 52 — 32 2
=z? - 25 =9—1y°
_Example 11 | «) Self Tutor
Expand and simplify:
a (2z-3)(2z+3) b (5—3y)(5+ 3y)
a (2z — 3)(2z + 3) b (5—3y)(5+3y)
= (22)* - 3 =5 — (3y)*
= 42® — 9 =25 — 9y
| Example 12 | =) Self Tutor

Expand and simplify: (3z + 4y)(3z — 4y)

(3x + 4y)(3z — 4y)
= (32)% — (49)
= 922 — 169>

EXERCISE 3E

1 Expand and simplify using the rule (a + b)(a —
b (z—2)(xz+2)
e (x+1)(z—1)

a (z+2)(z—-2)
d 2—2)(2+2)
g (z+T7)(x—7) h (c+8)(c—38)
I (z+y)(z—vy)
2 Expand and simplify using the rule (a + b)(a
a 2z-1)(2z+1)
d (2y+5)(2y —5)
g (2-5y)(2+5y)
3 Expand and simplify using the rule (a + b)(a —
a (2a+b)(2a—0b)
d (4z + 5y) (4o — 5y) e (2z+3y)(2z

k (44+d)(4—-4d)
—b) =a%—b%
b (3z+2)(3z —2)
e Bz+1)3x—1)
h (3+4a)(3—4a)

b)

b (a— 2b)(a+ 2b)

—3y)

b) = a® — b*:

<
f
i
[

<
f

_a2_b2:

<
f

2+z)(2—1x)
(1—-2)(1+2)
(d—5)(d+5)
(5+¢e)(5—e)

(4y —5)(4y +5)
(1 —3z)(1+ 3z)
(44 3a)(4 — 3a)

(4z +y)(4z —y)
(T — 2y)(Tz + 2y)
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/=1 . . THEPRODUCT OF THREE CONSECUTIVE INTEGERS

‘& Con was trying to multiply 19 x 20 x 21 without a calculator. Aimee

QN told him to ‘cube the middle integer and then subtract the middle integer’
é\\@‘ to get the answer.

What to do:

Find 19 x 20 x 21 using a calculator.

»

Find 202 —20 using a calculator. Does Aimee’s rule seem to work?

(%]

Check that Aimee’s rule works for the following products:
a 4x5x6 b 9x10x11 ¢ 49 x 50 x 51

4 Let the middle integer be z, so the other integers must be (x — 1) and (x + 1).
Find the product (x —1) x z X (x+1) by expanding and simplifying. Have you
proved Aimee’s rule?

Hint: Use the difference between two squares expansion.

"7 PERFECT SQUARES EXPANSION

(a+b)? and (a—b)? are called perfect squares.

Notice that (a4 b)? = (a +b)(a +b) Notice that the
=a®+ab+ab+b* {using ‘FOIL’} middle two terms
— a2+ 2ab + b2 are identical.

Thus, we can state the perfect square expansion rule:

(¢1—|—b)2:¢12—|-2¢1b—|—b2

We can remember the rule as follows:

Step 1: Square the first term. P
Step 2: Add twice the product of the first and last terms.
Step 3:  Add on the square of the last term.
Notice that  (a —b)? = (a + (—b))?
= a® +2a(—b) + (-b)?
=a? — 2ab+ b?

Once again, we have the square of the first term, twice the product of the first and last terms,
and the square of the last term.
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Example 13

) Self Tutor

Expand and simplify:
a (z+3)? (x — 5)2
a (z +3)2 (z — 5)3
=224+ 2xxx3+32 — (z - —5)2
=224+ 6z+9 =224+ 2 xx x (=5) + (=5)2
=22 — 10z + 25

) Self Tutor

Expand and simplify using the perfect square expansion rule:
a (5z+1)? b (4-3z)?
a  (5z+1)2 (4 — 32)?
= (52)% +2 x 5z x 1+ 12 = (4+ —3z)?
= 252% + 10z + 1 =42 42 x4 x (—3z) + (—3z)?
=16 — 24x + 9z
EXERCISE 3F a b
1 Consider the figure alongside: T
Give an expression for the area of: a 1 2 .
+
a square 1 b rectangle 2 ¢ rectangle 3 ¢
d square 4 e the overall square. b 3 4 l
What can you conclude? ‘
Li a+b——>
2 Usetherule (a+b)?=a?+2ab+b? toexpand and
simplify:
a (z+5)32 b (z+4)2 ¢ (z+47)?
d (a+2)?2 e (3+¢)? f (5+x)?
3 Expand and simplify using the perfect square expansion rule:
a (z—3)? b (z—2)? ¢ (y—8)?
d (a—7)> e (5—x)2 f(4—y)?
4 Expand and simplify using the perfect square expansion rule:
a (3z+4)? b (2a—3)? ¢ (By+1)?
d (22 —5)2 e (3y—5)2 f (74 2a)?
g (1+5z)2 h (7-3y)? i (3+4a)?
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m *))) Self Tutor i@ Notice the use of h

. . square brackets in
Expand and simplify: a (222 +3)2 b 5—(z+2)2 the second line.
These remind us to
2 2 o 2 change the signs
4 (2x . ;— 3) 5 > e o (a:2+ 2) inside them when
=(22°)*+2x2z*x3+3 =5— [z° + 4z + 4] they are removed.
=4zt + 1222 + 9 —5-a?—dz—4 | - -
=1-22—4z
5 Expand and simplify:
a (z2+2)? b (y*-3)? ¢ (3a? +4)?
d (1-22%)2 e (22 +y?)? f (22 —a?)?
6 Expand and simplify:
a 3r+1—(x+3)? b 5z —2+ (x —2)2
¢ (z+2)(x—2)+ (z+3)? d (z+2)(z—2)— (x+3)?
e (3-22)2—(z—1)(z+2) f (1-32)%+ (z+2)(z—3)
g (2z+3)(2x —3) — (z+1)2 h (4 +3)(z —2) — (2—12)?
i

1—2)2 + (z +2)? i 1—2)%—(x+2)?

<l FURTHER EXPANSION

In this section we expand more complicated expressions by repeated use of the expansion
laws.

Consider the expansion of (a+b)(c+d+e).

Now (a+b)(c+d+e) Compare: O(c+d+e)
= (a+b)c+ (a+b)d+ (a+b)e =0c+0Od+0Oe
=ac+ bc+ ad + bd + ae + be

Notice that there are 6 terms in this expansion and that each term within the first bracket is
multiplied by each term in the second.

2 terms in the first bracket x 3 terms in the second bracket —— 6 terms in the expansion.

) Self Tutor

Expand and simplify: (2z + 3)(2? + 4z + 5)

N, . e
(2 + 3)(z” + 4z + 5)
A

=223 + 822 + 10z {all terms of 2nd bracket x 2z}
+ 322 + 122 + 15 {all terms of 2nd bracket x 3}
=223 4+ 112% + 222 +15  {collecting like terms}
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| Example 17 | =) Self Tutor

Expand and simplify: (z + 2)3

(x+2)% =(x+2) x (z+2)?
m

= (z+2)(z° + 4z +4)
\w

=23 +42° + 4z {all terms in 2nd bracket x x}
+22% 4+ 8z +8 {all terms in 2nd bracket x 2}
=23 +62% + 122 +8  {collecting like terms}

=) Self Tutor

Expand and simplify:

Always look for
ways to make your
a z(z+1)(z+2) b (z+1)(z—2)(z+2) expansions simpler.
In b we can use the

difference of two

a z(z+1)(z +2) squares.
= (2 +z)(z+2) {all terms in first bracket x z}
=234+ 202 + 22+ 22 {expanding remaining factors}
=22 +322 +2¢ {collecting like terms}
b (x+1)(x —2)(x + 2)
=(z+1)(z®> - 4) {difference of two squares}
=2 —dr+2®—4 {expanding factors}

=22+ -4z —14

EXERCISE 3G Each term of the
. . first bracket is
1 Expand and simplify: multiplied by
a (z+3)(22+z+2) b (z+4)(2®+z-2) each term of the
second bracket.
¢ (z+2)(2?+2+1) d (z+5)(z2—x-1)
e 2r+1)(22+z+4) f (Bz—2)(2%—2-3)
g (x+2)222—2z+2) h 2r—-1)322-2+2)
2 Expand and simplify:
a (z+1)3 b (z+3)3 ¢ (x—1)3
d (z-3)3 e (2z+1)3 f 3z —2)3
3 Expand and simplify:
a z(z+2)(z+3) b z(z—4)(z+1) ¢ z(zx—3)(x—2)

=-n

d 2z(z+3)(z+1)
g —3z(2x —1)(z+2)

[\

2z(x —4)(1 — z) —z(34+x)(2—x)
z(1—3z)(2z+1) i 22%(z —1)?

=
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4 Expand and simplify:

a (z+3)(z+2)(z+1) b (z—-2)(z—1)(x+4)

¢ (z—4)(z—1)(xz—3) d 2z—-1)(z+2)(z—1)
e (Bx+2)(x+1)(z+3) f 2z+1)2z—1)(z+4)
g (1-2)Bz+2)(z—2) h (z—-3)(1—x)(3z+2)

":ll THE BINOMIAL EXPANSION

Consider (a +b)™. We note that:

e o+ b is called a binomial as it contains two terms
e any expression of the form (a + b)™ is called a power of a binomial

e the binomial expansion of (a + b)" is obtained by writing the expression without
brackets.

Now (a+b)® = (a+b)?*(a+b)
= (a® +2ab + b*)(a + b)
=a® + 2a%b + ab® + a®b + 2ab® + b3
= a® + 3a*b + 3ab® + b*

So, the binomial expansion of (a + b)3 = a3 + 3a2b + 3ab? + b3.

) Self Tutor

g - - We use
Expand and simplify using the rule brackets fo

(a+b)2 = a® + 3ab + 3ab® + b3: -
a (z+ 2)3 b (2z — 1)3 substitution.

a We substitute a=x and b=2
(x+23=23+3x2%2x2+3xxx22+23
=3 +62° + 12z + 8
b We substitute a = (2z) and b= (—1)
(22 —1)3 = (22)3 + 3 x (22)% x (=1) + 3 x (2z) x (=1)% 4+ (-1)3
=823 — 1222 + 62— 1

EXERCISE 3H

1 Use the binomial expansion for (a + b)3 to expand and simplify:

a (z+1)3 b (a+3)3 ¢ (z+5)3
d (z-1)3 e (z—-2)3 f (z—-3)3
g (3+a)? h (3z+2)3 i (22 +3y)3
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2 Copy and complete the argument (a + b)* = (a + b)(a + b)*
= (a +b)(a® + 3ab + 3ab® + b*)

3 Use the binomial expansion (a +b)* = a* +4a3b + 6a2b? + 4ab® +b*  to expand and
simplify:

a (z+1)* b (y+2)* ¢ 3+a) d (b+4)*
e (z—1)* f(y—2)* g (3—a)* h

4 Find the binomial expansion of (a +b)® by considering (a + b)(a + b)™.
Hence, write down the binomial expansion for (a — b)®.

REVIEW SET 3A

1 Expand and simplify:

a 4z x -8 b 5z x 222 ¢ —4dx x —6zx
d 3z xz—222 e daxc+3cxa f 222 x x — 3z x 22
2 Expand and simplify:
a —3(x+6) b 2z(2? —4)
€ 2(x—5)+3(2—x) d 3(1-2z)—(x—4)
e 2z —3z(x—2) f 22z +1) —22(1 — )
g 23z +1)—=2(1-2?) h 9(a+0b)—a(4—0b)
3 Expand and simplify:
a 3z+2)(z—2) b (2z-1)? ¢ (dz+1)(4x—1)
d (5-1x)2 e (3xz—T)(2x—5) f 2(z+2)(z—2)
g (3z+5)2 h —(z-2)? I —2z(z—1)2
4 Expand and simplify:
a 5+2r— (x+3)2 b (z+2)3
¢ Bz—-2)(z®+2z+7) d (z—1)(x—2)(x—3)
e z(z+1)3 f (22+1)(z—1)(z+1)
5 a b Explain how to use the given figure to show that

(a+b)% = a® + 2ab + b2




86  ALGEBRAIC EXPANSION AND SIMPLIFICATION (Chapter 3)

REVIEW SET 3B

1 Expand and simplify:

a 3z x —2z2 b 222 x -3z ¢ —bxx —8zx
d (22)2 e (—3z2)? f 4z x —2?
2 Expand and simplify:
a —7(2zx—5) b 2(z—-3)+32—-x)
¢ —z(3—4x) —2z(z+1) d 2(3z+1)—5(1—2x)
e 3x(z?2+1)—22%(3 —2) f 3(2a+b) —5(b—2a)
3 Expand and simplify:
a (2z+5)(x—3) b (3z—2)? ¢ (2z+3)(2z —3)
d (5z—1)(z—2) e (2z-3)2 f (1—52)(1+52)
g (5—2x)? h —(z+2)? i —3z(1—x)?
& Expand and simplify:
a 2z+1)2—-(x—-2)3—1x) b (22 —-4x+3)(2z 1)
¢ (z+3)3 d (z+1)(z—2)(z+5)
e 2z(zx—1)3 f 4—2H)(z+2)(z-2)

5 Use the binomial expansion (a+ b)* = a* + 4a3b+ 6a2b? + 4ab® +b* to expand
and simplify:

a (2z+1)* b (z-3)*

6 What algebraic fact can you derive by considering
the area of the given figure in two different ways?




